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KommakTHa CHcTeMa HepiBHocTel JA 
cTaHyapTHux rpaHullb y Teopli rTpaHub 


The purpose of the paper is an alternative way of obtaining of the standard limits in the elementary theory of 
limits. The approach uses two double inequalities xe“ <sinx <xe* and xe <shx < xe" and the limit 
transition. The method is applied to both standard limits simultaneously, that makes the theory more 
universal. Apart from that our theory gives many new representations of the standard limits (total number is 37). 
Keywords: theory of limits, standard limits, function, sine, hyperbolic sine, method, inequalities, 
standard limits, limit transition. 


B paOote npeaioxeH e2HHbIM MOAXO K CTaHJapTHbIM Mpeyesam B Teopuu upezeros. Iloxxox ocHoBaH Ha 
HCHOIb30BAHHM JBOMHEIX HepaBeHcTB xe * <sinx<xe* u xe~ <shx < xe" UM MpeyenbHOM Mepexoze B 
Hux. Metoyx mpuMeHuM kK OOOHM CTaHapTHbIM MpesesaM OMHOBPeMeHHO, YTO 3HAYHTeIbHO ynpoulaeT 
oOOMeNpHHATHIe MOAXOAbI. Kpome Toro, MOyYeHbI HOBbIe CIE ACTBUA H3 CTaHapTHBIX Mpe esos. 
Kyovesbie copa: TeopHa MpesesoB, cTaHAapTHble Mpeyesibl, HepaBeHCTBO, PyHKUMA, CHHYC, 
runepOomueckuit CHHyCc, JBOMHOe HepaBeHCTBO. 


Y poOoTi 3anpononoBaho MAXI, AKuii 3abe3ne4ye EQHHUM 3aciO OTPHMaHHA CTaHapTHUXx rpaHullp y Teopii 
TpaHuub. Tigxiq 3acHopaHvii Ha BUKOpHcTaHHi HepiBpHocteii xe *<sinx<xe* Ta xe*<shx<xe™ i 
rpaHwuHomy wepexomi B Hux. Iligxiq WocTaTHbO MpocTuii y BUKOpHcTaHHi. C€AMHa cucTeMa HepiBHocTei 
3a0e3lmeuye OHOYACHe OTpHMaHHA (hOpMys Mepuioro, Apyroro cTaHAapTHUXx TpaHullb i, MpaKTH4HO, BCIxX 
HacIIKiB 3 HUX. binbm Toro, Teopid NPHBOAUTb WO BeIMKOI KiIbKOCTI HOBHX HacCIIAKIB i3 CTaHqapTHux 
TpaHUlb. 

K.no4osi c10Ba: Teopid TpaHHlb, CTaHAapTHi rpaHuul, PyHKUWIiA, CMHyc, rinepOomMHHH cHHyc, 
HepiBHiCTb, TpaHH4HHi Mepexig. 
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Introduction 


The standards limits in mathematical analysis are known as the first and second 
fundamental (standard) limits. They are used mainly for the determination of derivatives of 
the elementary functions sin x,cosx,e*,a*. Thus it is built the standard table of derivatives 
in differential calculus [1], [2]. The standard limits are used practically in all branches of 
mathematics, also for calculation of an entire class of limits. 

Each of the fundamental limits is proved by two different ways. The first standard 
limit is based on a limit procedure in the trigonometric circle. For the second limit it is 
used Newton’s binomial. Each of the approaches is effective and attractive. Nevertheless 
they are not universal [1], [2]. 

Meanwhile there are universal methods for an obtaining of the limits. For example, 
the first and second limits can be connected one with another by Euler’s formula [3]. 

The next universal method of proof is based on the undetermined coefficient method 
which allows find limits by the standard expansion of the functions sinx and e* [4]. 

At last there are the approaches that like to the proposal method in the paper. They 
are based also on inequalities and the limiting in the inequalities. Such methods have some 
disadvantages that are connected with difficulties of the proof of the inequalities. This is 
one of the serious disadvantages of the theory. 

According to the logic of our consideration the inequalities must be proved by 
elementary mathematical methods. Other words, the proof must be performed without 
using of a derivative concept. 

We found a simple method to proof the standard limits. This method is based on a 
specified inequality system and a limiting in the system. The approach may be applied to 
both limits simultaneously. The proof of each inequality is simple and clear. Besides from 
the inequalities we have got new important corollaries from the second standard limit. 


1 The basic theorem of the method 


The main theorem that we use in our theory is well-known theorem about a function 
F(x) which is enclosed between two given functions f(x) and f(x) [5], [6]. 


Theorem. If in any vicinity of the point x, a function f(x) is satisfied to the inequalities 
Aix) Ss f(*) S$ A) (1) 


and lim f,(x)= lim f,(x) =a then the limit lim f(x) exists and it is equal toa. 


It is clear, if the function f(x) is continuous at x=x,, then a= f(x,). 
The inequalities (1) have a very important property of symmetry, if all functions of 
the inequalities are odd. We will replace in the inequalities x to —x 
—fi(x)s-f@) Ss -AO) > f() 2 fQ)2 AO). 
The sings of the inequalities (1) have changed. 
If the functions are even 
ACs fs fh.) => f@)sfO)S AO) 
The sings of the inequalities (1) have not changed. 
Corollary. If in the inequalities (1) f((x)=xg(x), f(x)=x@(x) and at x, =0 


lim g(x) = limg(x) =Tie. 


xg(x)< f(x) < xg(x), (2) 
then fel) =l. 
x>0 x 


64 «MckyccTBeHHbIli HHTeIeKT» 2013 Ne 2 


A Compact System of Inequalities ... 


We will use the corollary for proof of the standard limits. Besides we will need in the 
generalization of the corollary. If lim 2g(ax)= lim g(a) =1 and 


axg(ax) < f (ax) < axp(ax), (3) 
then there lim f(ax)=a for any a #0. 


2 The basic Inequalities for standard limits 
The trigonometric and hyperbolic sine functions are satisfied to the inequalities (Fig. 1). 
xe * <sinx < xe"," 
od : (4) 
xe“ <sinhx < xe". 


1 


f(x) as f (x) =re . 
B®) 2(x) = sin(x) 
wx) 0 u(x) = sinh(x) 
3) a w(x) = xe, ’ 


“tT -05. 0 «05 1 


Figure 1— The graphs of the functions of the inequalities (4) 


Dividing the inequalities at x > 0 we get 


~s <2. 
xX 

_, . sinhx 

e°< <e*. 
x 


We take a limit at x +0. Accounting that lime™ = lime* =1 we find according to the 
x! 


x0 
corollary 
sInx _ 


lim i. ne a, (5) 
x~0 x x0 x 

The first formula is called the first standard (fundamental) limit, the second 
represents one of the options of the second standard limit. 

The formulas (5) are obtained by the assumption of x—>+0 although they are 
written for an arbitrary x + 0. Evidently the equalities (5) do not change at x > —0. It is 
clear from that all functions are between of the functions xe * and xe*. The functions 
sinx and shx are odd. Therefore for the negative values of x we have 
eas o. 2S a >e*. Taking the limit at x + —0 we have the equalities (5) again. 

x x 

The figure (Fig. 1) demonstrates the inequalities (4) geometrically. You can see how 
the inequalities (2) are changed when the point x changes the sign. All graphs of the 
functions of the inequalities (4) are enclosed by the graphs only two functions xe ~* and 
xe* (Fig. 1.). It means that the limits (5) do not depend on x > +0 or x >-0. 

You can see from the figure also how instead of inequalities (4) we may work with 
the inequalities 
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xe <sinx <sinhx < xe’," (6) 
from which also the limits (5) are followed. Here we have one more thing. The inequalities (4) 
need to proof of four inequalities but the inequalities (6) only of three. For this reason the 
inequalities (6) are more favorable. The proof of the inequalities is given in the appendix. 


3 Corollaries from the fundamental limits 


The corollaries of the fist fundamental limit are well-known and they are described in 
many books. We represent the corollaries in the table (Tab. 1) without of a detailed proof. 


Table 1 — The corollaries from the first and second fundamental limits 


. ae SINX . . q.. sinhx 
First standard limit lim =] Second standard limit lim =1 
x20 x x0 xX 
Replacement e Replacement or changing 
changing of the Result of the watiable Result 
variable 
‘ .arcsinx : .  asinhx 
x =arcsiny lim =| x =asinh y lim =] 
x0 x x0 x 
sin x sinh x 
tan x = , . tanx tanh x = ———., . tanhx 
CcOSxX lim =1 cosh x lim =] 
limcosx =1 me oe limcoshx =1 as ® 
x0 x30 
arctan x li a tanh x =] 
x =arctan y lim ——— = 1 x =atanh y ae ae 
x>0 x 


In the table the corollaries from the second limit are represented also. They look like 
the corresponding corollaries from the first limit. These corollaries are new. Therefore we 
will consider the proof of the corollaries in details: 


Lia eh Gero =e 
x0 x x>0 x x0 cosh x x0 coshx 
In the limit lim sin —1 we substitute x = sinh y. Then, y0 at x0 and we 
xX x 
: inh ; . sinh 
have lim “S"* — jim Be =1/lim 2 <1, 
x0 x y>0 sinh y y>0 y 
4... tanhx 
In the equality lim =1 we replacex =tanhy. Then y0 at x0, we get 
: nh : : h 
fi es y ii ae 
x0 x y>0 tanh y y>0 y 
To find the connection of lim sin''* =1 with the known corollaries from the second 
xXx! xX 
fundamental limit we may do it at least two ways. For example, we can use the definition 
thie: Gimnctict seis apn ee ep eT 
x x>0 x 2 x>0 x oy x>0 x 2 x>0 x 
ae . e il scan 
the second limit we replace x by —y. As a result we have lim“ = ~lim . From 
x> x yo y 


where 
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ie ed (7) 
x>0 x x>0 x 
1, x+l 
The second way is based on the representation a tanh x = a (as [5]. 
—x 
fim 7am tt ett 1 fim nl +2) _ 1 fim =) 
x0 x 2 x0 x 1-x 2 x0 x 2 x0 x 
In the last equality we replace x >-—y , we get tim 0-2) = tim B=») . From where 
x> x yy y 
lim 2 tanh = fom +x). (8) 
x0 x x0 x 


New representation of second fundamental limit we will find from the representation 


asinh x = In{e+ Ve +1} [5]. 
tim 810 _ pind nles Ve 4 \e limin{e + vie 7S =1. Where from 


x>0 x x>0 x 
/x 
lim inl +x 41 i}: Ie lim +x? alr Se (9) 
xX xX 
In the last equality we replace x =1/ y, we get 


; ta 1) 
lim re 


=e. (10) 


xo 


Xx 


The formulas (9) and (10) are new in mathematical analysis. 
Other corollaries from the second fundamental limit follow by corresponding 
substitutions in the formulas (7) and (8). The results are represented in the tab 2. 


; ... q. Sinhx 
Table 2 — The corollaries from the second fundamental limit lim = 
Le xX 
An option of the Substitution or transformation Corollary 
second standard limit 
(i ig = 
x00 =x x20 2x . e-l 
inh eee a - 
lim ** =1 =lim lim—=1 - 
x20 x x20 2x x30 e* 
: e-e- ee ad 
sinh x = lim ——*— =] 
2 x30 «(2x 
av = 4 x =In(+x) fim Ut) _ 1 
x0 x x20 Xx 
lim In(+ x)* = lim (1+ x)!* = 
fim BA+%) _ | ign 521, voll y lim (1+1/x)* =e 
pes) x X00 
x—>xIna lim Cee) 7 
x0 x 
. In(l+xIna) ‘ Vx _ ‘ Vx _ 
lim ————— = Ina lim Indi+xIna)"* =Ina lin(l+xIna)"* =a 
x>0 x x>0 x0 
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1/x 


lim(+xIna)'* =a Sali y lim (1+1/xIna)* =a 
x0 X00 
Tee june ine fain 
x0 x l-x x>0x |-x 
1 x+1 fa | 1/x | 1/x 
lim —In—— =2 im 2 ) =2 ne ) =e 
x20x 1l-x x0 l-x x 0 l-x 
Rally lim aa =e 
x70 x-l 
1/x 1/x 1/x 
1 
lim In| ~ : =2 lim I 2( 22 2 lim log, ate =2log,e 
x30 l=x x0 log e l-x x0 1 


1 x+1)" 
lim loe,( =2,x=Il/y 
x>0 log, e 


lim log, *7) =2log,e 
= 


es asinh x= In{ x+y" +1) lim —In{ x+y" +1)=1 
x0 x x0 X 
1/x 
lim —In{ xv" +1)=1 lim Inf + vs" +1=1 lim{ + Vx? +1) =e 
x>0X x>0 x0 
Vix l+vx° +1 
lim{ x+ Vx? +1) =e x=l/y lim| —————— | =e 
x>0 x0 x 
lim —In{ x+ vx? +1 )=1 lim log, x4Vi? +1)=1 lim “Iog,(x+ Vx? +1} =log, ¢ 
x30 x x0 xlog,, e x0 xX 
tanh e* —e”* x nx 
lim——=1 tanh x = —"_ ji al 
anes e +e* x0x e+e" 


3 The elementary generalization of the theory 


The system of the inequalities (6) can be generalized by the replacement x>a-x. 
For definiteness we put a >0, although the theory will be fair for any a :#0 


xe ™ <sinax < axe™, 


(11) 


axe ™ <sinhax < axe™. 


Applying the corollary from the theorem (3) to the inequality (11), accounting that 
lime * = lime* =1, we have 


x>0 x>0 
. sinax . 
lim =a, lim 


x>0 x x>0 x 


sinhax me (12) 


The first formula can be called the fist general fundamental limit, the second is an 
option of the second general limit. Using the results of the table 1 we get immediately 


. sinax . arcsin ax . tanax . arctanax 

lim =a, lim———=a, lim =a, lim———=a, 

x0 x x0 x x30 x x0 x (1 3) 
. sinhax . asinhax . tanhax . atanhax 

lim =a, lim————=a, lim———=a, lim———e=a. 

x0 x x0 x x30 x x30 x 


For the second limit we choose a@ = Ina. Then we will get new equalities (Tab. 3). 
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Table 3 — The corollaries from the limit lim 


sinh(Ina-x) _ 


x>0 x 


Ina 


Substitution or 


An option of the second Corollary 
standard limit transformation y 
lim sh(Ina-x) _ lim 2_—2 
x30 x x0 2x . a 
(axe) ~ oe =Ina 
lim 243& ~ a=lIna = lim ms Te =Ina Fae 
x20 Xx x90 2x x30 q* 
shx =" © _, w=Ina lim —* = Ina 
x0 2x 
ne tas x =log,(1+x) tea Dei 
x>0 Xx x0 x 
ye ey, = iy fein ee = ones 
x30 x 2 - x20x |-x-Ina 
die angel i Vx 
laine ite india x:Inatl Zale land x-Inatl -@ 
x30x = 1-x-Ina x0 | l—-x-Ina x>0\ l—-x-Inag 
x= l/y li x+Ina - 2 
x-Ina+l ee xool x —Ina 
lim In) ————— =2-Ina Va ne 
x>0 \1-x-Ina eel x-Ing+l x-Ina+l 
lim log, =2-Ina lim log, =2 
x0 loge 1-x-Ina x0 1-x-Ina 
x-Ina+l ed Ina+x 
lim log,,} ————-|__ =2 x=l/y lim log =2 
x0 1-x-Ina x0 x-lIna 
arshx = inf ae vara +1), lim “Inf x-Ina+ vx? In? a+] = 
x70 Xx 
fa arshax _ a=lIna =Ina 
x30 7 Vx Wx 
ee lim Inf cee +-Vir?a? 41) =a, lim{ x-Ina+ vx" in? a+] = 
x > x0 
a=l|na =a 
1/x x: 
lim| x-Ina+1¥x7 In? a+ = =1/ _ | Ina+vx* 4+In’? a 
x0) X=1/y lim = 
x0 x 
= 
I/x , 
limit «Ina? Ire at] = lim: log (x-Inary In? a+i)= lim=log,(x-Ina + In? a+!) = 
+0 x0 xlog, e x30'% 
=Ina =Ina=1/log,e =1 
A th x ar = x _ =< 
lim =a thy =<", w=Ina fa eis 
x0 Xx e+e x20x a +a™ 


APPENDIX 1. The proof of the inequalities (4) x20 


xe Ssinx < xe", 


xe <sinhx < xe". 


To the first inequality we apply the well-known inequalitysinx<x. Then 
sinx <x < xe". The last inequality is obvious because x < xe* > e* 21. 
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For proving the inequality xe “<sinx we replace x by -x. we have 
—xe*< sin(— x). We use the property sin(— x) =-—sinx. Multiplying the inequality 
—xe* <—sinx by the factor —1 we have the previous inequality sin x < xe". 

To the second inequality (4) we apply the inequality e* -1>x. The second inequality 
(4) is proved like the first, only instead of the inequality sinx<x we will use the 
inequality e*-1>x. 


x —x 


; e-e z 
Se ee eee iO ke ee 


-2x 


we have the obvious inequality 2xe* <2x => e~* <1. For the proving of the inequality 


sinhx <xe* we replace x by —x. We have sinh(—x)<-—xe™*. We use the property 
sinh(— x) =-sinhx. Multiplying the inequality —sinhx <—xe* by the factor —1 we return 


to the proved inequality sinhx>xe™. 
APPENDIX 2. The proof of the inequalities sin x < sinh x. 

We replace the left part of the inequality by a value x that is more then sinx, we get 
x <sinhx or 2x <e*-—e*. We rewrite the inequality in the form e* —2xe*-1>0. The 


roots of the equation are e* =x+ x°+1. The negative root we omit because e*>0. 
Geometrically we have a parabola y = e** —2xe*—1 respect to e“. The parabola is touched 
the axis x only at the point x =0, the branches of the parabola are directed up, i.e. y>0. 


Therefore the inequality e** —-2xe*—1>0 is fulfilled for any x. 
2; 


Corollary. e* Stet Here it is used the inequality Vl1+x° <1+x°/2 which is 


checked by raising both parts of the inequality into square. 
Results 


1) It is developed a new effective method of the proof of the first and second fundamental 
limits in the classical limit theory. 

2) The approach generalizes usual theory of the fundamental limits and from our point of 
view the theory is more simple and effective. 

3) The approach is generalized that leads to many equivalent forms of the limits (from the 
first limit we have got 3 corollaries, from the second limits 34). The most of them are 
new. 

4) The proposed method improves the classical theory of the fundamental limits. 
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